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The reference-beam X-ray diffraction technique allows parallel measurements

of many three-beam interference pro®les in a modi®ed rotating-crystal

experiment. Because of the unique symmetry relations that exist in the

reference-beam geometry, a complete 360� rotation leads to a fourfold

redundancy of any given triplet phase �H involving primary re¯ection H,

reference re¯ection G and coupling re¯ection HÿG, measured in a data set. Two

such redundant measurements correspond to simple duplications with the

reciprocal node H going into and coming out of the Ewald sphere, while the

other two correspond to the Friedel mate GÿH of the coupling re¯ection HÿG

passing through the Ewald sphere in a similar fashion. It is shown that

substantial differences may exist between the H and the GÿH cases, with an

enhanced triplet-phase interference effect in one of them. These symmetry-

related observations, coupled with inverse-beam triplet measurements, would

improve the phase measurement accuracy of the reference-beam diffraction

technique.

1. Introduction

Direct measurements of triplet phases by three-beam

diffraction have been demonstrated on protein crystals in the

past decade (Chang et al., 1991; Weckert et al., 1993; Weckert

& HuÈ mmer, 1997; Weckert et al., 1999; Shen, 1999a; Chang et

al., 1999; Mo et al., 2002; Shen & Wang, 2003). In a traditional

three-beam diffraction experiment, the intensity IH for a

primary re¯ection H is monitored while an azimuthal rotation

 is applied to bring another reciprocal node G through the

Ewald sphere (see e.g. Weckert & HuÈ mmer, 1997). In a

recently developed reference-beam diffraction (RBD) tech-

nique (Shen, 1998), intensities IH of many primary re¯ections

H are simultaneously recorded on an area detector by the

rotating-crystal method while stepping rocking angle �
through a secondary re¯ection G. The reference-beam

diffraction technique allows substantial improvements in

three-beam measurement time needed for protein crystals

(Shen, 1999a; Chang et al., 1999; Shen et al., 2000a,b, 2002;

Pringle & Shen, 2003) and in systematic phasing of individual

structure factors from a measured triplet data set (Shen &

Wang, 2003). These improvements make three-beam phasing

more practical in a data-collection environment familiar to

protein crystallographers.

One of the important issues in all three-beam experi-

ments is the accuracy of the measured triplet phases

from three-beam interference pro®les of intensity IH

versus azimuthal angle  in the conventional azimuthal scan

method, or IH versus rocking angle � in the reference-beam

geometry. In the conventional method, since each interference

pro®le is measured one at a time using a point detector, it is

straightforward to achieve certain intensity measurement

accuracy by applying a proper counting time for each triplet

combination. In the reference-beam method, however, all

primary re¯ections recorded on an oscillation image are

measured in parallel with the same exposure time on the area

detector, causing considerable variation in measurement

accuracy between strong and weak re¯ections. Thus, how to

improve measured triplet phase accuracy remains under

research investigation in the reference-beam diffraction

geometry.

Several methods can be used to increase the measurement

accuracy in reference-beam diffraction. Firstly, an area

detector with a larger dynamic range can be used to record the

reference-beam diffraction images. Secondly, the same oscil-

lation diffraction image can be measured twice with two

different exposure times, one suitable for strong re¯ections

and the other for weak re¯ections. Finally, additional

symmetry relations in reference-beam geometry can be

exploited to increase the data redundancy by multiple

measurements of the same triplet phase. These symmetry

relations are completely general and space-group indepen-

dent, since they are in addition to all the symmetry operations

given by any space group.
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In this paper, we examine three additional symmetry

elements that are unique in reference-beam diffraction. The

®rst is the in/out symmetry of a given primary re¯ection H,

with G as the reference beam. This leads to completely

redundant measurements of triplet phase �H for three-beam

combination H/G/HÿG. The second is a reference-beam

modi®ed Friedel symmetry that provides a measurement of

the same triplet phase �H with the same reference re¯ection G
but on the inverse-coupling re¯ection GÿH/G/ÿH. The third

is the triplet inversion symmetry with inverse reference beam

ÿG that gives rise to the measurement of �ÿH for triplet

ÿH/ÿG/GÿH. We show that indeed not only can redundant

measurements increase the triplet-phase precision but certain

symmetry-related observations, such as GÿH/G/ÿH, may be

more advantageous than others, and lead to more pronounced

three-beam interference pro®les for the same triplet phase.

2. Symmetry elements

In a reference-beam diffraction process H/G/HÿG, with G as

the reference, H as the primary and HÿG as the coupling

re¯ections, re¯ection H passes through the Ewald sphere at

rotation angle  given by (Shen et al., 2000b)

cos � sin �H ÿ cos � sin �G

sin � cos �G

; �1�

where � is the angle between the H and the G reciprocal

vectors, �H is the Bragg angle for H, �G for G and  is de®ned

as the angle between the scattering plane formed by G and

incident wavevector k and that formed by G and H. Equation

(1) is essentially the same as that for conventional three-beam

diffraction. When �G equals zero, equation (1) reduces to the

condition for the conventional oscillation method.

Using Bragg conditions for H and G, it is straightforward to

solve for wavelength � as a function of rotation angle  :

� � 2dG sin �jcos j
��dG=dH ÿ cos��2 � sin2 � cos2  �1=2

: �2�

Fig. 1 shows an example of � versus  dependence in a 360�

rotation for a given primary re¯ection H = 422 and reference

re¯ection G = 111 for a tetragonal lysozyme crystal (space

group P43212, unit cell a = b = 78.5, c = 37.8 AÊ ). Obviously,

every primary re¯ection H has a different but similar curve,

with its own rotation-angle zero setting  = 0 de®ned when

reciprocal vector H is within the G scattering plane as shown

in Fig. 2(a).

Equations (1) and (2) de®ne the symmetry properties in

reference-beam diffraction geometry for any given primary

re¯ection H. These symmetry elements are in addition to the

Laue symmetry operations given by the space group of

the crystal structure. We now go through these additional

elements in more detail.

2.1. In±out symmetry

As shown in Fig. 1, at a given wavelength � = �0, there are

four occurrences for a primary re¯ection H, corresponding to

the four interception points of � = �0 with the �( ) curve. Two

such cases, related by � , are due to the fact that cos  is an

even function and the solution � corresponds to the same

reciprocal node H passing through the Ewald sphere from

outside to inside and then from inside to outside situations.

These in±out conditions have been considered in the context

of a conventional  -scan three-beam method (Chang, 1982),

where a sign change takes place in three-beam interference

pro®les between the `in' and the `out' cases.

Figure 1
Illustration of rotation-angle positions  at which a primary re¯ection H
passes through the Ewald sphere in reference-beam diffraction geometry,
with reference re¯ection G as the detour re¯ection. The example given is
for H = 422 and G = 111 in tetragonal lysozyme. The four  positions at a
given wavelength correspond to H and its coupling Friedel mate GÿH
going in to and coming out of the Ewald sphere, respectively. All four
cases lead to three-beam effects with the same detour re¯ection G and
same triplet phase �H. However, different interference amplitudes may
exist between the H and the GÿH cases owing to the relative strengths of
the structure factors.

Figure 2
Schematics of geometric relations between (a) the H/G/HÿG case and its
coupling Friedel mate GÿH/G/ÿH, and (b) the H/G/HÿG case and its
complete triplet inversion ÿH/ÿG/GÿH.



In reference-beam diffraction geometry, however, since the

H re¯ection is the primary re¯ection and the reference G

re¯ection is actually the detour excitation, the interference

pro®les measured in these in/out cases for H/G/HÿG are

completely identical as long as the same rocking angle �G

direction is employed, which is usually the case. Thus,

measurements at � provide a redundancy of two for any

given H/G/HÿG triplet with triplet phase �H = �G + �HÿG ÿ
�H, where the �H's are the individual structure-factor phases.

2.2. Coupling inversion symmetry

Fig. 1 illustrates that the �( ) curve for each H re¯ection

consists of two branches: one centred at  = 0 and the other at

 = 180�, as derived from equation (2). However, as shown in

Fig. 2(a), the branch at  = 180� is in fact due to the Friedel

mate GÿH of the coupling re¯ection HÿG, which we will

term as the inverse coupling re¯ection. The best way to

rigorously derive this additional symmetry is to use the vector

form of the Bragg condition for primary re¯ection H:

jH� kj � k;

where k is the incident wavevector (k = |k|), with its compo-

nent kk parallel to G given by the Bragg law for reference

re¯ection G:

kk � ÿG=2:

With the above two equations, it is easy to obtain the following

diffraction condition for H with G re¯ection excited:

2H? � k? � HkGÿH2; �3�

where G = |G|, H = |H| and ? and k denote the vector

components perpendicular and parallel to G, respectively.

Now if re¯ection M = GÿH is considered, it is obvious that

M? � ÿH?; Mk � GÿHk;

and therefore

M? � k? � H? � �ÿk?�; �4�
which means that reciprocal node GÿH always passes through

the Ewald sphere exactly at � = 180� from where H passes

through.

We should note that when G = 0 we recover the situation in

the standard rotating-crystal method where the measurement

at � = 180� corresponds to that for the Friedel mate ÿH. In

our present reference-beam situation, if the triplet inter-

ference pro®le for H/G/HÿG is recorded at  H, then the

interference pro®le for its coupling Friedel mate, GÿH/G/ÿH,

will always appear at  GÿH =  H + 180�. The triplet phase

�GÿH in this case is equal to �GÿH = �G + �ÿHÿ �GÿH, which is

identical to �H = �G ÿ �H + �HÿG if anomalous dispersion is

negligible. However, since the magnitude of structure factor

|FGÿH| is not necessarily equal to |FH|, the interference pro®le

for GÿH/G/ÿH can be very different from that for H/G/

HÿG. We will illustrate this point in x4 through an example.
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Figure 3
Illustrations of symmetry-related reference-beam diffraction measure-
ments using a special � diffractometer (Pringle & Shen, 2003): (a) primary
re¯ection H/G/HÿG at rotation angle  and rocking angle �; (b) Friedel
mate of the coupling re¯ection GÿH/G/ÿH at  +180� and �; (c) inverse-
beam tripletÿH/ÿG/GÿH at  +180� andÿ�; and (d) inverse-beam case
ÿH/ÿG/GÿH at  and �+180�.
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2.3. Triplet inversion symmetry

Triplet inversion symmetry refers to the inversion of every

reciprocal vector in a three-beam combination H/G/HÿG to

its Friedel mate, ÿH/ÿG/GÿH, as illustrated in Fig. 2(b). In

this case, the triplet phase measured in the interference pro®le

is �ÿH = �ÿG + �GÿH ÿ �ÿH = ÿ�H, assuming again that

anomalous dispersions are negligible in the structure factors.

The same symmetry transforms the inverse-coupling re¯ection

case GÿH/G/ÿH into HÿG/ÿG/H, which has the same triplet

phase ÿ�H.

The inverse-triplet measurements, in general, are useful for

two reasons. Firstly, these measurements allow an unambig-

uous determination of the enantiomorph for noncentrosym-

metric systems (Weckert & HuÈ mmer, 1997; Chang et al., 1999;

Shen et al., 2000a). Secondly, by comparing a pair of three-

beam interference pro®les related by inversion symmetry, a

more accurate triplet phase value can be obtained because a

phase-independent intensity contribution to the pro®les for a

mosaic crystal can be separated out by the measurement

(Weckert et al., 1993; Weckert & HuÈ mmer, 1997; Chang et al.,

1999; Shen & Wang, 2003).

3. Experimental set-up

While the symmetry-related three-beam cases mentioned

above can be measured in the conventional  -scan technique,

the reference-beam diffraction method is particularly useful in

providing a simple and systematic approach for all three types

of symmetry-related measurements. The use of oscillation data

collection in reference-beam diffraction also allows applica-

tions of many methodologies that already exist in standard

oscillation experiments with only slight modi®cations.

In order to perform systematic symmetry observations in a

reference-beam diffraction experiment, we have recently

installed a compact ®ve-circle � diffractometer at CHESS and

used it for reference re¯ection alignment and oscillation data

collection (Pringle & Shen, 2003). The � diffractometer

consists of four rotations (�, ',  , �) for sample manipulations

plus a 2� arm for a pin-diode detector. The CCD area detector

is usually mounted on the base table and not moved during

data collection.

In Fig. 3, we show the typical arrangements for measuring

the symmetry-related three-beam cases discussed in the last

section, with angle settings of the �
diffractometer listed in Table 1. Once

the G re¯ection is aligned parallel to the

rotation axis  by proper (�, ') rota-

tions, all eight symmetry observations

listed in Table 1, including inverse

reference-beam G measurements, can

be performed easily with appropriate

rotation-angle  and rocking-angle �
settings in reference-beam data collec-

tion.

We should note that the same inverse-

triplet condition ÿH/ÿG/GÿH can be

reached by keeping the same rotation angle  H and rotating �
by 180� to �G + 180�. This, however, would have the disad-

vantage that the � drive would position everything upside-

down as shown in Fig. 3(d), which could mechanically interfere

with some equipment mounted around the specimen.

4. Results and discussion

In order to examine how different symmetry re¯ections affect

the reference-beam interference pro®les, we have performed

theoretical calculations on a tetragonal lysozyme crystal using

a distorted-wave diffraction theory developed by our group

(Shen, 1999b, 2000; Shen & Huang, 2001). Based on this

theory, the diffracted intensity IH for a given primary re¯ec-

tion H recorded on a reference-beam oscillation image,

normalized to its two-beam intensity, is given by the following

analytical expression (Shen, 2000; Shen & Huang, 2001):

IH��� � 1ÿ p sin �H

sin ��

��

� �2

� p

��
cos �H �

p

2��

� �
1ÿ sin�2���

2��

� �
; �5�

where �� = �(�ÿ �G)t=dG, t is the average crystal domain size,

dG is the d spacing of the G re¯ection, p is the interference

amplitude and �H is the triplet phase of the three-beam

combination H/G/HÿG. For a symmetric G re¯ection, p is

given by

p � re�t

Vc cos �G

FGFHÿG

FH

���� ����; �6�

where re = 2.82 � 10ÿ5 AÊ is the classical radius of an electron,

Vc is the unit-cell volume and FH is the structure-factor

amplitude for re¯ection H. It has been shown that the

distorted-wave theory equation (5) is much improved over the

second-order Born approximation (Shen, 1986), and is in

almost perfect agreement with the full n-beam dynamical

theory (Colella, 1974) for macromolecular crystals because the

typical crystal size of t < 0.5 mm is much smaller than the

PendelloÈsung period or the extinction length for these light-

element crystals (Shen & Huang, 2001).

In Fig. 4, we show the calculated reference-beam inter-

ference pro®les using equation (5) for tetragonal lysozyme

with primary re¯ection H = 3�11 and reference re¯ection G =

Table 1
Symmetry-related observations in reference-beam diffraction using a � diffractometer.

Symmetry
element In±out

Coupling
inversion

Triplet
inversion

Coupling
triplet
inversion

Triplet re¯ection H/G/HÿG GÿH/G/ÿH ÿH/ÿG/GÿH HÿG/ÿG/H
Primary re¯ection H GÿH ÿH HÿG
Detour re¯ection G G ÿG ÿG
Triplet phase �H �H ÿ�H ÿ�H

Alignment setting �, ' �, ' �, ' �, '
Rotation angle  � H � H+180� � H+180� � H

Rocking angle � �G �G ÿ�G ÿ�G



111 at an X-ray wavelength of � = 1.1 AÊ . All four cases indi-

cated in Fig. 1 are presented, with `in' and `'out' situations for

both H and GÿH, along with the corresponding inverse-beam

cases. From Fig. 4, we can derive the following conclusions.

Firstly, the in±out symmetry-related observations for the

same primary re¯ection, H or GÿH, are completely identical.

As explained in x2, this is because reference G serves the role

of a detour excitation and H is the actual primary re¯ection. In

addition, the same rotation direction for rocking angle � is

usually applied. Thus, there is no sign reversal in reference-

beam diffraction geometry as compared to the case of

conventional three-beam observations.

Secondly, the H and the GÿH pro®les, located 180� apart in

rotation angle  , can be very different in interference strength

even though the triplet phase �H involved is the same. This

is entirely due to the structure-factor amplitude ratios

|FGFHÿG/FH| for these re¯ections, as indicated by equation (6),

and may be used in experiments to select a more pronounced

interference pro®le for measurement of the same �H. In the

example given in Fig. 4, the H re¯ection is the preferred

measurement of �H rather than its coupling Friedel mate GÿH

re¯ection.

Thirdly, as already pointed out for conventional three-beam

cases (Weckert & HuÈ mmer, 1997), simultaneous measure-

ments of the inverse-beam pair, H/G/HÿG, and its triplet

inversion, ÿH/ÿG/GÿH, can be very helpful in reducing the

triplet phase errors due to the phase-independent intensity

contributions in a mosaic crystal.

An example of the inverse-beam pair is given in Fig. 5,

where we show the measured reference-beam interference

pro®les for the 3�11/111 and its inverse-beam triplet �31�1/�1�1�1 on

a tetragonal lysozyme crystal at wavelength � = 1.097 AÊ . The

data are analyzed by a curve-®tting procedure using equation

(5) as discussed in Shen & Wang (2003). The ®t results are

listed in Fig. 5 and shown as the solid curves. If no inverse-

beam case ÿH/ÿG/GÿH were measured, the deduced triplet

phase from the 3�11/111 pro®le alone would be 75�, which

deviates considerably from the calculated phase �cal = 133�.
With the inverse-beam �31�1/�1�1�1 pro®le available, a more reli-

able triplet-phase ®t result � is chosen based on the larger of

the interference amplitudes p between the two pro®les, and

the triplet phase of the other case is assigned to the negative of

the chosen � (Shen & Wang, 2003). This `larger-interference-

amplitude' procedure leads to � = 132� for the 3�11/111 case,
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Figure 4
Calculated reference-beam interference pro®les of H/G = 3�11/111 of
tetragonal lysozyme, using equation (5), for the four redundant
measurements of �H on H and GÿH (a)±(d), and their corresponding
inverse-beam cases of ÿ�H (e)±(h). Parameters used in the calculation
are: average crystal domain size t = 10 mm, X-ray wavelength � = 1.1 AÊ ,
structure factors FG = F111 = 5004, FH = F3�11 = 1589, FHÿG = F2�20 = 4527,
and triplet phase �H = 133�, based on Vaney et al. (1995, 1996). The results
indicate that, owing to different re¯ection strengths, certain interference
pro®les (e.g. on H and ÿH in this case) may be more advantageous than
others (e.g. on GÿH and HÿG in this case).

Figure 5
Experimentally measured reference-beam interference pro®les of the
inverse-beam pair (a) H/G = 3�11/111 and (b) ÿH/ÿG = �31�1/�1�1�1 of
tetragonal lysozyme. The solid curves are ®ts to the data using equation
(5), resulting in the measured triplet phase � along with interference
amplitude p and center �G of G-re¯ection rocking curve. With a larger-
amplitude selection rule given by Shen & Wang (2003), the correct triplet
phase is identi®ed by the underlined value, which corresponds to the case
with a larger interference amplitude p.
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which is very close to the calculated value �cal = 133�. This

example illustrates the improvement in phase accuracy

through symmetry-related measurements.

5. Conclusions

In summary, we have shown that, in analogy to standard

oscillation data collection, a complete 360� rotation in refer-

ence-beam diffraction geometry provides four equivalent

measurements of the same triplet phase �H for any given

primary re¯ection H with G as the reference re¯ection. Two of

these cases correspond to reciprocal node H passing through

the Ewald sphere in `in' and `out' conditions, and the other

two correspond to inverse coupling re¯ection GÿH passing

through the Ewald sphere in the same fashion. While those for

`in/out' conditions are identical to each other, the interference

pro®les for H and GÿH can be very different and one of them

may be more enhanced than the other owing to the structure-

factor strengths of the involved re¯ections.

In addition to the four redundant measurements of �H for

H/G/HÿG, symmetric observations through complete triplet

inversion with ÿG as the reference re¯ection provide four

additional equivalent ways of measuring triplet phase ÿ�H on

the ÿH/ÿG/GÿH and the HÿG/ÿG/H interference pro®les.

These inversion-symmetry-related observations increase the

measurement accuracy of the triplet phases in cases where a

signi®cant phase-independent intensity contribution exists in a

mosaic crystal.

All these additional symmetry observations are supple-

mentary to the existing symmetry elements given by the space

group of the crystal structure. Through redundant and

symmetry-related measurements, we believe that measured

triplet phase errors can be substantially reduced in reference-

beam diffraction experiments.
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